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In this paper we establish a generally and globally valid coordinate system in curved
space-time with the simultaneous hypersurface orthogonal to the time coordinate. The time
coordinate can be preseted according to practical evolving process and keep synchronous with
the evolution of the realistic world. In this coordinate system, it is convenient to express the
physical laws and to calculate physical variables with clear geometrical meaning. We call it
“natural coordinate system”. The constructing method for the natural coordinate system is
concretely provided, and its physical and geometrical meanings are discussed in detail. In
NCS we make classical approximation of spinor equation to get Newtonian mechanics, and
then make weak field approximation of Einstein’s equation and low speed approximation
of particles moving in the space-time. From the analysis and examples we find it is a nice
coordinate system to describe the realistic curved space-time, and is helpful to understand
the nature of space-time.
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I. INTRODUCTION
The selection of coordinate system in general relativity is important to conveniently express and
solve physical equations. In a suitable coordinate system, the physical equations have simple and
concise forms and definite physical meanings. In general relativity, the special coordinate systems
we usually used for theoretical discussion are Gaussian normal coordinate system and harmonic
coordinate system[1]. However, the Gaussian normal coordinate system only exists locally. The
geometrical meaning of harmonic coordinate system is unclear. Other coordinate systems, such as
Weyl-Lewis- Papapetrou one[2], all depend on special structure of space-time.
A more important problem is that, the realistic space-time is an evolving Lorentz manifold
which has one and only one simultaneous hypersurface f(xµ) = C[3, 4]. The hypersurface forms
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2the realistic space and evolves from the present state to the next one. Since the evolution of
the world has probabilistic characteristic of quantum mechanics, it is obviously non-unique. In
principle, it is most natural and reasonable to describe physical laws in the coordinate system
with simultaneity t = tk coincident with the evolving hypersurfaces. Besides, it is perfect if the
time coordinate is orthogonal to this simultaneous hypersurface similarly to the case in Gaussian
normal coordinate system, because only in such coordinate system, we can conveniently discuss the
Hamiltonian formalism of dynamics and calculate No¨ther’s charges. We call the coordinate system
with such two features “natural coordinate system (NCS)”. The purpose of this paper is to prove
the existence of NCS and look for a general method to establish such NCS, and then clarify its
physical meanings.
To get canonical quantification of gravity[5, 6] or numerical simulation of Einstein’ field
equation[7, 8], we also need to define a simultaneous Cauchy hypersurface. The current treat-
ment is the ADM decomposition of space-time[5]. In ADM decomposition, the metric is reduced
into time plus space with a shift vector N j,
ds2 = N 2dt2 + g˜kl(dxk +Nkdt)(dxl +N ldt), (1.1)
where the repeated Latin indices means summation of spatial indices. The Ricci tensor and scalar
curvature can be expressed in simple and reduced from. If we can set the shift vector N j = 0 and
clarify the specific geometrical meaning of space and time, the formalism will be even simpler.
II. CONSTRUCTION OF NATURAL COORDINATE SYSTEM
At first, we discuss the problem of orthogonalization. We use the Greek characters such as µ, ν
to stand for the 4-d coordinate indices, and Latin characters such as k, l for 3-d indices. Assume
the metric of the space-time is given by
ds2 = g˜ttdt
2 + 2Akdtdx
k + g˜kldx
kdxl, Ak ≡ g˜0k, (2.1)
we have the following conclusion for orthogonalization.
Theorem 1. Keeping the time coordinate t not transformed, for (2.1) there exists a class of
regular spatial coordinate transformation
xk = xk(t, yl), dxk =
∂xk
∂t
dt+
∂xk
∂yl
dyl, (2.2)
such that ‘dt’ is orthogonal to ‘dyk’, i.e., in the new coordinate system we have
ds2 = gttdt
2 − gkldykdyl. (2.3)
3Proof. Substituting (2.2) into (2.1), we get
ds2 = gttdt
2 + 2Bkdtdy
k − gkldykdyl. (2.4)
in which
Bk ≡
(
g˜nl
∂xl
∂t
+An
)
∂xn
∂yk
. (2.5)
Since the transformation (2.2) should be invertible, the Jacobian matrix ∂x
l
∂yk
also is invertible.
Then Bk = 0 is equivalent to
∂tx
k = −g¯klAl = −g¯klg˜0l, (2.6)
where g¯kl is the inversion of spatial metric, i.e., g˜klg¯
ln = δnk .
Since the time coordinate t is a fixed independent coordinate, (2.6) becomes a first order ordinary
differential equation system of xk. For the initial value problem we have unique solution
xk = fk(t,X l), (2.7)
in which Xk is integral constants determined by initial values. Making an arbitrary invertible and
differentiable coordinate transformation
Xk = F k(yl), (2.8)
and substituting it into (2.7) we get (2.2). The proof is finished.
Obviously, if gkl in (2.3) is independent of t, the above procedure of orthogonalization can
proceed, such that dy1 is orthogonal to the other two coordinates. Since the proof is constructive,
it can also be used as method to establish the NCS.
In what follows we examine the problem of simultaneity. In [3, 4], we have proved that, in the
realistic space-time there exists one and only one simultaneous hypersurface f(xµ) = C, which
is an objective existence independent of coordinate system. According to its physical meanings,
the hypersurface should have the following two features: F1. Assuming dx0 is time-like, by the
unidirection of time we have ∂0f > 0 under a suitable function transformation of f(x
µ). F2. f(xµ)
has higher smoothness than C1, this is because all physical dynamics consists of first or second
order differential equation system. We take F1 and F2 as basic assumptions for the simultaneous
hypersurface. Redefine the time coordinate
t = f(xµ), (2.9)
4then the simultaneity of the real world becomes t ≡ tk, which defines the global realistic simultane-
ity. We call it the “cosmic time”[9]. Clearly, if we make orthogonalization based on this cosmic
time, we get the NCS (2.3) with special significances. We call the space orthogonal to the cosmic
time as “cosmic space”. Obviously, the coordinate system for cosmic time and cosmic space can
be determined to the following arbitrary regular transformation
t′ = T (t), (∂tT > 0), y
′k = Y k(yl). (2.10)
However, the time element dτ =
√
g00dt and the spatial volume element dV =
√
g¯d3y are objective
quantities independent of transformation (2.10), where g¯ = det(gkl). Then we proved,
Theorem 2. In the realistic world we have a unique global cosmic time t and a unique cosmic
space orthogonal to this time. The objective time is calculated by dτ =
√
g00dt, and the objective
volume of the space is calculated by dV =
√
g¯d3y. They are independent of coordinate system.
In contrast with AMD decomposition, in NCS the shift vector is removed and the time and
space have endowed with concrete physical meanings. The NCS (2.3) looks like Gaussian normal
coordinate system, but their physical meanings are different: M1. NCS is always globally valid,
and gtt represents gravity which cannot be merged into coordinate t in the case ∂kgtt 6≡ 0. M2.
The construction is different. NCS is independent of geodesic of concrete particles. M3. The
time t in NCS corresponds to realistic cosmic time, which forms a global standard of time for all
particles. Since the construction of NCS does not need any special conditions, we can directly
express physical laws in this coordinate system without any declaration.
Now we concretely construct a NCS from a non-diagonal Kerr-type metric[2]. More generally,
the metric takes the following form in the coordinate system (t, r, θ, φ),
g˜µν =


u2 0 0 uw
0 −a 0 0
0 0 −b 0
uw 0 0 w2 − v


, g˜µν =


−w2+v
u2v
0 0 w
uv
0 −a−1 0 0
0 0 −b−1 0
w
uv
0 0 −v−1


. (2.11)
where u, v, w, a, b are smooth functions of (r, θ), but independent of (t, φ). However we should pay
attention to that
g˜kl =


−a 0 0
0 −b 0
0 0 w2 − v

 , g¯
kl =


−a−1 0 0
0 −b−1 0
0 0 −(v −w2)−1

 . (2.12)
5Assuming that t is the cosmic time, then by (2.6) we have
∂tr = 0, ∂tθ = 0, ∂tφ = −g¯φφg˜tφ = (v − w2)−1uw. (2.13)
The simplest solution is given by
r = r′, θ = θ′, φ = (v − w2)−1uwt+ φ′. (2.14)
It is easy to check, the metric (2.11) is converted into the standard one (2.3) in new coordinate
system (t, r′, θ′, φ′). The coordinate φ′ becomes an evolving one. The clock keeping static to this
coordinate system goes in uniform speed. This is somewhat similar to the Mach’s principle[10, 11].
III. APPLICATIONS
A. Classical Approximation of Spinor Equation
To discuss the Hamiltonian formalism of Dirac equation in curved space-time we need the
cosmic time coordinate with clear physical meaning and orthogonal to space. To calculate the
No¨ther charges of a spinor such as energy-momentum and velocity, we need to do integration on
the realistic cosmic space. Some works have been done in Gaussian normal coordinate system[12].
Now we define some classical concepts in NCS to show the advantages.
Assume the element of the space-time satisfies
dx = γ˜µdx
µ = γaδX
a, γ˜µ = l
a
µ γa, γ˜
µ = hµaγ
a. (3.1)
in which the tetrad γα and γ˜µ satisfy the following Cℓ1,3 Clifford algebra,
γaγb + γbγa = 2ηab, γ˜µγ˜ν + γ˜ν γ˜µ = 2gµν . (3.2)
In NCS with metric diag(g00,−g¯jk), we have
l00 =
√
g00, h
0
0 =
√
g00, h0k = l
k
0 = 0. (3.3)
Then we get spinor connection as[12]
Υµ =
1
2
(
l 00 ∂th
0
0 + ∂tln
√
g, ~lk · ∂j~hj + ∂kln√g
)
. (3.4)
In NCS, to lift and lower the index of a vector means Υ0 = g00Υ0,Υ
k = −g¯klΥl.
We consider Dirac equation with electromagnetic potential eAµ. Its Hamiltonian formalism is
given by
α0i(∂t +Υt)φ = Hφ, (3.5)
6where the Hamiltonian is defined by
H = −αk · [i(∂k +Υk)− eAk] + eα0A0 +mγ0, (αµ ≡ γ0γ˜µ). (3.6)
Similarly to the case in flat space-time, we define the coordinate Xk and speed vk of the spinor
as follows[12, 13],
Xk(t) ≡
∫
S3
xkq0
√
gd3x, vk ≡ d
dt
Xk, (3.7)
where S3 stands for the total simultaneous hypersurface, i.e., the cosmic space, qµ is the current
vector qµ = φ+αµφ. By the definition (3.7) and the current conservation law qµ;µ = 0, it is easy to
check
vk =
∫
S3
xk∂t(q
0√g)d3x =
∫
S3
xkq0;t
√
gd3x = −
∫
S3
xkql;l
√
gd3x =
∫
S3
qk
√
gd3x. (3.8)
With the normalizing condition
∫
S3
q0
√
gd3x = 1, we have the point-particle model,
qµ → uµ
√
g00 − g¯klvkvlδ3(~x− ~X), uµ ≡ dX
µ
dτ
= (1, ~v)/
√
g00 − g¯klvkvl, (3.9)
where the Dirac-δ means
∫
S3
δ3(~x − ~X)√g¯d3x = 1 and τ is the proper time of the particle dτ =√
g00 − g¯klvkvldt.
Clearly, the particle static to NCS has largest proper time, i.e., its time goes fastest. Since
the time of any particle should go at a finite speed, which certainly have a least upper bound
everywhere, this requirement also discloses the existence of a special coordinate system in Nature.
By the definition of NCS, we find that the cosmic time and cosmic space are quite near the concepts
of Galilean and Newtonian absolute space-time. The classical concept of space-time cannot be
completely cast away.
Define the 4-dimensional momentum of the spinor by
pµ ≡ ℜ
∫
S3
φ+α0pˆµφ
√
gd3x = ℜ
∫
S3
φ+pˆµφ
√
g¯d3x, pˆµ ≡ i(∂µ +Υµ)− eAµ. (3.10)
For a spinor at energy eigenstate, we have the classical approximation pµ = muµ, where m defines
the classical inertial mass of the spinor. The classical approximation of energy-momentum tensor
T µν for a free spinor is given by
T µν → (muµuν +wgµν)
√
1− g00g¯klvkvlδ3(~x− ~X), (3.11)
where w is a constant to representing self-potential, and w = 0 corresponds to linear spinor. By
T µν;ν = 0 we get
∂ν(T
µν√g) + ΓµαβTαβ
√
g = 0. (3.12)
7The integral form is given by
d
dt
∫
S3
T µ0
√
gd3x+
∫
S3
ΓµαβT
αβ√gd3x = 0. (3.13)
Substituting (3.11) into (3.13) and noticing g = g00g¯, we get the Newton’s second law for a free
spinor
d
dt
(
muµ + wgµ0
√
g00 − g¯klvkvl
)
+ Γµαβ
(
muαuβ + wgαβ
)√
g00 − g¯klvkvl = 0. (3.14)
In the case of linear spinor we have w = 0, and then (3.14) becomes the geodesic equation. From the
above calculation we find that, some No¨ther’s charges of fields can be clearly defined and computed
only in NCS. So NCS set up a natural connection between quantum mechanics and classical one.
B. Linearization of Einstein’s Field Equation
In the case of weak gravity and low speeds of particles, we make linearization of Einstein’s
field equation and get a set of wave equation in harmonic coordinate system with the de Donder
coordinate condition Γµ = 0, where
Γµ ≡ gαβΓµαβ = −
1√
g
∂ν(
√
ggµν). (3.15)
In this case the metric is near the Minkowski metric
ηµν = η
µν = diag(1,−1,−1,−1). (3.16)
For weak-field approximation, we have the linearization for the metric[1]
gµν ≡ ηµν + hµν , gµν=˙ηµν − hµν , (3.17)
hµν = ηµαηνβhαβ , h = h
µ
µ = η
µνhµν , (3.18)
g =˙ 1 + h,
√
g=˙1 +
1
2
h. (3.19)
In what follows, we directly use = to replace =˙ for convenience. By straightforward calculation,
we get the linearization for other parameters
Γµαβ =
1
2
ηµν(∂αhνβ + ∂βhαν − ∂νhαβ), (3.20)
Γµ = ∂νχ
µν , χµν ≡ hµν − 1
2
ηµνh, (3.21)
Rµν =
1
2
∂α∂
αhµν − 1
2
(ηµα∂νΓ
α + ηνα∂µΓ
α), (3.22)
R =
1
2
∂α∂
αh− ∂αΓα, (3.23)
Gµν =
1
2
(∂α∂
αχµν − ∂µΓν − ∂νΓµ + ηµν∂αΓα) , (3.24)
8in which ∂α∂
α = ∂2t − ∆ is the d’Alembert operator. By (3.24) we find the Bianchi identity
∂µG
µν = 0 holds.
In NCS the time coordinate is fixed, so we have not coordinate condition Γµ = 0 in general.
However, by G0µ we find Γµ can be easily solved independently in NCS. Explicitly we have
Γ0 = ∂tΨ, Γ
k =
1
2
∂kh+ ∂nhkn, (3.25)
Ψ ≡ χ00 = 1
2
(h00 + h11 + h22 + h33), (3.26)
where the repeated Latin indices means summation of spatial indices. Then by G0µ we get inde-
pendent equations for (Ψ,Γk) as follows
G00 = −1
2
∆Ψ = κT 00, (3.27)
G0k = −1
2
∂t(Γ
k − ∂kΨ) = κT 0k. (3.28)
By the above equations we can determine the intermediate variables Γµ. Substituting it into (3.24)
we get usual wave equations for hkl.
From the procedure we find the coordinate condition is determined by dynamics as well as the
initial and boundary values. This is natural, because the simultaneous hypersurface is evolving
itself.
Now we examine the classical particles moving in the weak gravity. Under low speed assumption
we omit O(v2). Noticing vk ≡ d
dt
Xk =
√
1 + h00
d
dτ
Xk, the geodesic equation becomes
d
dt
vk = −∂kΦ+ vk∂tΦ+ vn∂thkn, (3.29)
where Φ = 1
2
h00 is the Newtonian gravitational potential. For many such particles move without
collision similarly to stars in a galaxy, which form zero-pressure and inviscid fluid with following
energy-momentum tensor
T µν = ρUµUν , (3.30)
where ρ is the comoving mass density of the stars, and Uµ is the 4-vector speed of the stellar flow.
We have energy-momentum conservation law T µν;ν = 0. Expressing it in the form of equations of
continuity and motion, we get the dynamical equations for the stars
Uµ∂µρ+ ρsU
µ
;µ = 0, U
νUµ;ν = 0. (3.31)
Define the stellar speed ~V by
~V ≡ 1
U0
(U1, U2, U3), (3.32)
9which is approximately equivalent to the usual definition of velocity d
dt
~X. By line element equation
we have
1 =
√
gµνUµUν = (1 + 2Φ + gklV
kV l)
1
2U0. (3.33)
Omitting O(V 2) terms we get the low-speed assumption
U0 = 1− Φ. (3.34)
Substituting (3.32) and (3.34) into (3.31) and omitting the high order terms, we get the continuity
equation and motion equation for stars
d
dt
ρ = −ρ∇ · ~V − ρ(∂t + ~V · ∇)Ψ, (3.35)
d
dt
V k = −∂kΦ+ V k∂tΦ+ V n∂thkn, (3.36)
where d
dt
= ∂t + ~V · ∇. (3.36) and (3.29) have the same form. In NCS, the gravitomagnetic effect
vanishes. However, this effect exists in other coordinate system. There are many researches on
this problem[14–19]. In usual coordinate system (2.1), we have gravitomagnetic force ~V × (∇× ~A)
similar to Lorentz force in electromagnetism.
IV. DISCUSSION AND CONCLUSION
In this paper, we establish a generally and globally valid natural coordinate system in curved
space-time. In this coordinate system, the time and space keep synchronous with the evolution
of the realistic world, which have special physical and philosophical meanings. In NCS we can
discuss Hamiltonian formalism conveniently as done under ADM decomposition. As examples, we
simply make classical approximation of spinor equation to get Newtonian mechanics, which clearly
shows the relationship between quantum mechanics, classical mechanics and general relativity. By
weak field approximation of Einstein’s equation and low speed approximation of particles moving
in the space-time, we find coordinate condition is included in dynamical equations, and the motion
equation of particles has a simple form, in which the gravitomagnetic force vanishes. From the
analysis and examples we find the NCS is a nice coordinate system to describe the realistic curved
space-time, and is helpful to understand the nature of space-time.
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